Abstract. I will report on recent study about regularity and the singular set of a C 1 smooth surface with prescribed p(or H)-mean curvature in the 3-dimensional Heisenberg group. As a differential equation, this is a degenerate hyperbolic and elliptic P.D.E. of second order, arising from the study of CR geometry. Assuming only the p-mean curvature H ∈ C 0 , we showed that any characteristic curve is C 2 smooth and its (line) curvature equals −H. By introducing special coordinates and invoking the jump formulas along characteristic curves, we proved that the Legendrian (horizontal) normal gains one more derivative. Therefore the seed curves are C 2 smooth. We also obtained the uniqueness of characteristic and seed curves passing through a common point under some mild conditions, respectively. In an on-going project, we showed that the p-area element is in fact C 2 smooth along any characteristic curve and satisfies a certain ordinary differential equation of second order. Moreover, we analyzed this O.D.E. to study the singular set.
Regularity and curvature of characteristic curves
A pseudohermitian manifold (M, J, Θ) is an odd dimensional (C ∞ smooth) manifold M (say, of dimension 2n + 1) together with a contact form Θ, i.e. a 1-form satisfying Θ ∧ (dΘ) n = 0 everywhere, and an almost complex structure J, i.e. an endomorphism from the contact bundle ξ ≡ ker Θ onto itself satisfying J 2 = −Identity (usually J is also required to satisfy a certain integrability condition while, for n = 1, this condition always holds) (see, e.g., [10] ). The natural examples arise as the boundaries of strongly pseudoconvex domains in C n+1 . Let D be a strongly pseudoconvex domain in C n+1 . Let M = ∂D. We take Θ = −i∂ϕ (i = √ −1) restricted to M, where ϕ is a defining function for M. It follows that the contact bundle ξ coincides with T M ∩ J C n+1 T M where J C n+1 denotes the almost complex structure of C n+1 . We then take J to be the restriction of J C n+1 on ξ. We understand D through the study of ∂D viewed as a pseudohermitian manifold as above. On the other hand, we view the Heisenberg group H n as a (flat) pseudohermitian manifold (R 2n+1 ,Ĵ,Θ). HereΘ ≡ dz + n j=1 (x j dy j − y j dx j ) andĴê j =ê j ,
Now consider a (say, C ∞ smooth) hypersurface Σ ⊂ (M, J, Θ). There is a dichotomy for points of Σ. We call a point p singular if ξ(≡ ker Θ) coincides with T Σ at p. Otherwise, we call p a nonsingular point where ξ(≡ ker Θ) is transverse to T Σ. At a nonsingular point in Σ, we can talk about the so called (unit) horizontal (or Legendrian) normal ν ∈ ξ such that ν is of unit length and perpendicular to ξ ∩ T Σ with respect to the Levi metric G ≡ 1 2 dΘ(·, J(·)). Consider a domainΩ ⊂ M with Σ = ∂Ω. By computing the first variation of the volume (natural volume element= Θ ∧ (dΘ) n which is the Euclidean volume for H n ) ofΩ in the direction ν, we obtain a notion of area for Σ, called p-area.We then define the p-mean curvature H as the first variation of the p-area in the direction ν (see [1] or [4] for more details). Here we simply write down H for a graph Σ ≡ {(x 1 , y 1 , ..., x n , y n , u(x 1 , ..., y n )} in the Heisenberg group H n and hence the equation of prescribed p-mean curvature H reads
where u : Ω ⊂ R 2n → R and F ≡ (−y 1 , x 1 , −y 2 , x 2 , ..., −y n , x n ) (also for general F ). We observed that (1.1) is a degenerate (hyperbolic and elliptic) PDE in dimension 2 (n = 1). We call a point where ∇u + F = 0 in Ω singular, which is the projection of a singular point in Σ onto R 2n . In higher dimensions (n ≥ 2), we observed that (1.1) is subelliptic (square sum of 2n − 1 vector fields satisfying Hörmander's condition) in the nonsingular domain {p ∈ Ω | ∇u + F = 0 at p}. We have been working on this equation (also for general F ) in recent years ( [4] , [5] , [6] , [7] , [2] , [3] , and the survey paper [1] ).
For n = 1, we can write
locally for some angle function θ. By (1.2) we can write equation (1.1) (replacing x 1 , y 1 by x, y) as follows:
For u ∈ C 1 (Ω), F ∈ C 0 (Ω) in a nonsingular plane domain Ω, we have θ ∈ C 0 locally. We may consider θ ∈ C 0 as an independent variable. Define N ≡ (cos θ, sin θ) such that N and N ⊥ ≡ (sin θ, − cos θ) are C 0 vector fields. We also call the integral curves of N ⊥ characteristic curves. Theorem 1.1 (Theorem A in [7] ). Let Ω be a domain of R 2 and H ∈ C 0 (Ω). Let θ ∈ C 0 (Ω) satisfy equation (1.3) in the weak sense, i.e.
smooth) characteristic curve with σ being the unit-speed parameter. Then Γ is C 2 smooth and the curvature of
We remark that in Theorem A of [13] , Pauls proved the case of H = 0 in which Γ is a straight line under the extra condition that components of the horizontal Gauss map (i.e., ∇u+ F |∇u+ F | in our notation with F = (−y, x)) are W 1,1 (Ω). In Theorem 1.1 above, if θ satisfies (1.4), we proved that Γ is a minimizer for the following energy functional:
Hdxdy
where |Γ| denotes the length of Γ and Ω Γ is the domain surrounded by Γ and some line segments (see Section 2 in [7] ). So the basic calculus of variation tells us that the curvature of Γ (along N ⊥ direction) equals −H without invoking extra regularity assumption. Also H is only required to be C 0 . In [11] Monti and Rickly considered the case of H = constant for a convex isoperimetric set. We do not need convexity in Theorem 1.1.
Uniqueness of characteristic and seed curves
vector field. Then for any p ∈ Ω, there exists at least one integral curve of N (N ⊥ , resp.), called seed curve (characteristic curve, resp.) passing through p. The uniqueness of integral curves for a C 0 vector field does not hold true in general (see page 18 in [9] ). Let p ∈ Ω and
. Let p ∈ Ω and suppose there is r 0 > 0 such that B r0 (p) ⊂⊂ Ω and
Then there is r 1 , 0 < r 1 ≤ r 0 , such that there exists a unique seed curve passing through p in B r1 (p).
(b) Let θ ∈ C 0 (Ω) and H ∈ C 0,1 (Ω) (Lipschitzian) satisfy (1.4). Then for any point p ∈ Ω, we can find r 1 > 0 such that there exists a unique characteristic curve passing through p in B r1 (p).
In Theorem 2.1 (b), if H is only continuous, we gave an example for the nonuniqueness of characteristic curves (see Example 3.2 in [7] ). Note that u is not involved in Theorems 1.1 and 2.1. Now we consider u. Let u ∈ C 1 and F = (F 1 , F 2 ) ∈ C 1 . Recall that a point p ∈ Ω ⊂ R 2 is called singular (nonsingular, resp.) if ∇u + F = 0 ( = 0, resp.) at p. At a nonsingular point, we set
. We call Ω nonsingular if every point of Ω is not singular. We had another uniqueness theorem for characteristic curves. Theorem 2.2 (Theorem B in [7] ). Let u : Ω ⊂ R 2 → R be a C 1 smooth function such that Ω is a nonsingular domain with F ∈ C 1 (Ω). Then for any point p ∈ Ω, we can find r 1 > 0 such that B r1 (p) ⊂ Ω and there exists a unique characteristic curve passing through p in B r1 (p).
In Theorem 2.2, we only assume u, F ∈ C 1 , and do not use any property of H, which is different from Theorem 2.1 (b). Even for the case H = 0, seed curves may only be C 1 smooth, but not C 2 smooth (see the remark after the proof of Theorem D in Section 5 of [7] ). However if N ≡ (cos θ, sin θ) arises from u (i.e., N = N u ), Pauls ([13] ) proved that when u ∈ C 1 , θ ∈ C 0 ∩ W 1,1 , and H = 0, then the seed curves are C 2 smooth. In Theorem 3.4 below, we proved the same conclusion under the condition that u ∈ C 1 (θ ∈ C 0 follows) and H ∈ C 1 (in fact, that H ∈ C 0 and only C 1 in the N direction is enough).
Regularity of θ and characteristic and seed curves
Suppose that θ arises from u, i.e., (cos θ, sin θ) = N u . Let S(u) denote the set of singular points. Suppose that u ∈ C 1 (Ω) satisfies
for all ϕ ∈ C ∞ 0 (Ω) with F ∈ C 1 (Ω) and S(u) being empty in Ω. Can we have higher order regularity for u, say, u ∈ C 2 ? This is impossible as shown by the following example. Let u g ≡ xy + g(y) where g ∈ C 1 \C 2 . Then u g satisfies (3.1) with H = 0, F = (−y, x) on any nonsingular domain Ω for u g . On the other hand, the characteristic and seed curves associated to u g are all the same for different g's.
That is, the differentiability of g determines the differentiability of u g , but does not affect the shape of characteristic and seed curves. On the other hand, we proved that θ is in fact C 1 smooth (hence N ∈ C 1 , but not u ∈ C 2 ) (see Theorem 3.4 below). Before doing this we need to introduce some kind of special coordinates. These coordinates play an important role in understanding the local structure.
Definition 3.1. Let N be a C 0 vector field with |N | ≡ 1 on a domain Ω ⊂ R 2 . A system of C 1 smooth local coordinates s, t is called a system of characteristic coordinates if s and t have the property that ∇s N ⊥ and ∇t N, i.e., ∇s and ∇t are parallel to N ⊥ and N , resp.. It follows that {t = constants} are characteristic curves while {s = constants} are seed curves.
Theorem 3.2 (existence of characteristic coordinates [7] ). Let u : Ω ⊂ R 2 → R be a C 1 smooth solution to (3.1) ( Ω being nonsingular) with F ∈ C 1 (Ω) and H ∈ C 0 (Ω). Then for any point p 0 ∈ Ω there exist a neighborhood Ω ⊂ Ω and real functions s, t ∈ C 1 (Ω ) such that {t = constants} and {s = constants} are characteristic curves and seed curves, respectively. Moreover, there are positive functions f, g ∈ C 0 (Ω ) such that
Also N f and N ⊥ g exist and are continuous in Ω . In fact, f and g satisfy the following equations
For a perhaps smaller neighborhood Ω ⊂ Ω of p 0 , the map Ψ :
We remark that the existence of C 1 smooth s can be proved for N satisfying (1.4) (i.e., not defined by u) instead of (3.1) (see Theorem 4.1 in [7] ). Corollary 3.3 (Corollary C.1 in [7] ). Suppose we are in the situation of Theorem 3.2. Then θ is C 1 smooth in s and there holds
Since f is C 1 smooth in t, θ s is also C 1 smooth in t if we assume that H has the same property according to (3.2) . In fact, we proved that θ is C 1 smooth in t too, and hence θ ∈ C 1 . That is, θ gains one derivative.
Theorem 3.4 (regularity of θ [7] ). Let u : Ω ⊂ R 2 → R be a C 1 smooth (weak) solution to divN u = H in Ω ( Ω being nonsingular) with F ∈ C 1 (Ω) and H ∈ C 0 (Ω). Suppose N (H) exists and is continuous. Then θ ∈ C 1 and the characteristic and seed curves are C 2 smooth. Moreover, N ⊥ D exists and is continuous in Ω. In (s, t) coordinates near a given point as in Theorem 3.2, we have
In case H = 0 or a constant, we can prove Theorem 3.4 directly from the precise parametric expression of x or y. The situation H = a nonzero constant arises from considering the boundary of an isoperimetric set in the 3-dimensional Heisenberg group H 1 . It has been conjectured (e.g., [12] ) that an isoperimetric set in H 1 is congruent with a certain type of sphere. Based on the analysis of the singular set and characteristic curves ( [4] ) for a C 2 smooth surface, Ritoré and Rosales ( [14] ) proved such a conjecture for isoperimetric sets of class C 2 without any symmetry assumption. Later Monti and Rickly ( [11] ) obtained the same result for convex isoperimetric sets without regularity assumption.
According to (3.2), we have good control for θ along the characteristic curves, i.e. the s-direction. If the control for θ fails along a seed curve, i.e. t-direction, say, at some s 0 , then we showed that it fails also for s near s 0 . That is, the jump of a certain concerned quantity is kept in short "s-time" along the characteristic curves. This ends up to reach a contradiction. We borrowed the idea of conveying information along the characteristic curves from the study of hyperbolic P.D.E. (e.g., [8] ).
Regularity of the p-area element and the singular set
Recall that Ddx ∧ dy ≡ |∇u + F |dx ∧ dy is the p(or H)-area element for a graph defined by u. For u ∈ C 1 , we have D ∈ C 0 . Suppose that u ∈ C 1 (Ω) satisfies (3.1) with F ∈ C 1 (Ω) and H ∈ C 1 (Ω), say (Ω being nonsingular 
For F = (−y, x) (p-mean curvature case), we have rot F = 2. In this case, (4.1) is reduced to
If, furthermore, H = 0 in (4.2), the equation DD = 2(D −1)(D −2) is integrable. Namely, we observed that 
